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Abstract 



The minimum skew rank of a simple graph G over the field of real numbers, mr~ (G) , 
^^ ■ is the smallest possible rank among all real skew-symmetric matrices whose (i, j)-entry 

(for i 7^ j) is nonzero whenever {i,j} is an edge in G and is zero otherwise. In this 
paper we give an algorithm for computing the minimum skew rank of a connected 
,S^ • unicyclic graph, and classify all connected acyclic and connected unicyclic graphs G, 

jrt ' for which mr^(G) = mr^(P), where P is a diametrical path of G. 
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1 Introduction 



A simple undirected graph is a pair G = (Vg, Eq)^ where Vq is the (finite, nonempty) set of 

vertices of G and Eq is the set of edges, where an edge is a two-element subset of vertices. 
.^_, , In this paper, all graphs are simple, that is, no loops or multiple edges are allowed. The 

j^ ' order of a graph G, denoted \G\, is the number of vertices of G. A matrix A S ^"X" (^p 

JH I a field) is skew- symmetric (respectively, symmetric) if A^ = —A (respectively, A^ = A); 

for A £ C"^", A is Hermitian if A* = A, where A* denotes the conjugate transpose of A. 

Unless explicitly stated otherwise, all symmetric and skew-symmetric matrices are assumed 

to be real. 

For an n X n symmetric, skew-symmetric or Hermitian matrix A, the graph of A, denoted 
G{A), is the graph with vertices {vi, ...,u„} and edges {{vi,Vj} : a^j ^ 0, 1 < i < j < n}. 
Note that for symmetric and Hermitian matrices the diagonal is ignored in determining 
G{A), but for a skew-symmetric matrix all diagonal entries must be 0. The classic minimum 
rank problem involves symmetric matrices and has been studied extensively. See [S] for a 
survey of known results and discussion of the motivation for the minimum rank problem; an 
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extensive bibliography is also provided there. The study of minimum skew rank of matrices 
began in the recent article [2], and is an area where many open problems exist. 

In this paper we give an algorithm for computing the minimum skew rank of a connected 
unicyclic graph, and classify all connected acyclic and connected unicyclic graphs G, for 
which mr^(G') ~ mr^(P), where P is a diametrical path of G. These problems were 
first studied for symmetric matrices in [5] and in [3] . In Section [2] we introduce necessary 
notation and terminology. In Section [3] we provide preliminary minimum skew rank results. 
In Section |4] we give our main results on trees, and in Section [5] we give our main results 
on connected unicyclic graphs. Section [5] contains exainples of connected graphs with many 
cycles for which the minimum skew rank is equal to the minimum skew rank of a diametrical 
path. 



2 Notation and Terminology 

For a graph G, we let 5(G) = {A G W"" : A^ = A, g[A) = G} and S-{G) = {A & K">^" : 
A^ = —A, Q{A) = G} denote, respectively, the set of real symmetric matrices, and the set of 
real skew-symmetric matrices described by G. We let mr(G) = min{rank(yl) : A G 5(G)}, 
mr-(G) = min{rank(A) : A £ ^-(G)}, and MR-(G) = max{rank(A) : A G S-{G)} 
denote, respectively, the minimum rank, the minim,um skew rank, and the maximum skew 
rank of G. 

For a graph G, the degree of a vertex v G Vg, denoted by dcgQ{v), is the number of edges 
adjacent to v. A path on n vertices is denoted by P„, and its vertices numbered sequentially 
vi,Vn, ■ ■ ■ , Vn-1, Vn- Thc length of a path P is the number of edges in the path, which is 
equal to |P| — 1. The distance between two vertices u and u, in a connected graph G, is the 
length of the shortest path joining u and v, and is denoted by doiu, v). The diameter of a 
connected graph G is given by diam(G) = m.a.x{dGiu,v) : u,v € Vg}- An induced path in 
a graph G, of length diam(G) is referred to as a diametrical path of G. If P is an induced 
path of the longest possible length in a graph G, then diam(G) < |P| — 1. For a tree T 
equality holds, that is, diam(T) = \P\ — 1. 

A tree T is called a centipede if it consists of a path P with additional edges, called legs 
attached to the nonpendant vertices, these vertices with legs are joints of P. A centipede is 
regular if no two consecutive vertices in P are joints, and irregular otherwise. 

A matching in a graph G is a set of edges M = {{vi^ , Vj^ }, {vi^ , Vjj }, . . . , {vi^. , Wjj. }} such 
that no endpoints are shared. The vertices in Vg that are adjacent to the edges in M are 
called M -saturated vertices, and those vertices in Vg that are not adjacent to the edges in 
M are called AI -unsaturated vertices. A perfect matching in a graph G is a matching that 
saturates all vertices of G. A maximum matching in a graph G is a matching of maximum 
order among all matchings in G. The matching number of a graph G, denoted by match(G) 
is the number of edges in a maximum matching. A path in a graph G is called M -alternating 
if it alternates between edges in M and edges not in M. An Af- alternating path is called 
M -augmenting whenever its endpoints are M-unsaturated. 



3 Preliminary Minimum Skew Rank Results 

This section contains results that we use in Sections 2] and [5] in our main rcsuhs, and extend 
some known resuhs on minimum rank to skew minimum rank. 

Part[2J in Observation 13. 11 fohows from Proposition 4.2 in [1], and Propositions 3.5 and 3.7 
in [2]. The zero forcing number, Z{T), is defined in [1], and the skew zero forcing number, 
Z"(r), is defined in [2]. Part [3] follows from PartH 

Observation 3.1. 1. J^ Observation 1.6] If H is an induced subgraph ofG, thenTi\v~{H) < 
mr-(G). 

2. IfT is a tree, then mr{T) = \T\ - Z{T) < \T\ - Z"(r) < mr-(T). 

3. For a graph G with diametrical path P, diam(G') < mr^(P) < mr^(G'). 

Theorem 3.2. (J^ p. 109]) A matching M in a graph G is a maximum matching in G if 
and only if G has no M -augmenting path. 

Theorem 3.3. JH Theorem 2.5] For a graph G, MR~ (G) = 2match(G), and every even 
rank between mr~(G) and MR~(G) is realized by a matrix in S^{G). 

Theorem 3.4. Jl Theorem 2.6] For a graph G, mr-(G) = \G\ = MR"(G) if and only if 
G has a unique perfect matching. 

Theorem 3.5. H Theorem 2.7] IfT is a tree, then mr-(r) = 2match(r) = MR"(T). 

Proposition 3.6. IH Proposition 4- 1] For a path P„ on n vertices, 

n if n is even 



mr (P„) - . . ■ . . 

'71 — 1 ij n IS odd 

Proposition 3.7. IH Proposition 4-2] For a cycle G„ on n vertices, 

n — 2 if n is even 



1 n — 1 if n is odd 

Lemma 13.81 extends the results of Lemma 4 of [5] to minimum skew rank; the condition 
mr^(G) = diam(G) in [3] is replaced with mr~(G) = mr~(P), where P is a diametrical 
path of G. 

Lemma 3.8. Let P be a diametrical path of a connected graph G, where mr^ (G) = mr^ (P), 
and let H be a set of vertices that do not lie in P. Then mr^(G — H) = mr^(G). 



4 Trees 

For n odd, P„ has exactly ^2d_ distinct maximum matchings, each leaving exactly one of 
the odd-numbered vertices unsaturated. When n is even, P„ has a unique perfect matching. 

Lemma 4.1. Let T be a tree with diametrical path P. If vox^ [T] = mr^(P), then T is a 
centipede. Moreover, if \P\ is odd, then T is a regular centipede. 



Proof. If \P\ is odd, by Observation|niTl diam(T) < mr(T) < nir^(r) = mr-(P) = diani(T), 
so T is a regular ccntipcde([Theoreni 6] [5]). If \P\ is even and T is not a centipede, the 
unique perfect matching in P can be extended to a matching in T. By Theorem 13.51 
mr-(T) >mr-(P). D 

Theorem 4.2. Let T be a tree and Pn a diametrical path ofT. If n is odd mr^(T) = 
Tar~{P„) if and only if T is a regular centipede with the property that all joints are even- 
indexed vertices of Pn, and if n is even mr^(T) = mr~(P„) if and only if T is a centipede 
with the property that no pair of joints Vr and Vs of Pn satisfy r odd, s even, and 3 < r < 
s < n-2. 

Proof. If mr^ (T) — mr^ (P„ ) , by Lemma |4.H T is centipede (regular if n is odd) . If n is odd 
and Vi, is a joint with i odd, a maximum matching in P„ can clearly be extended to a match- 
ing in T. If n is even, P„ has joints Vr and Vg , r odd, s even, 3 <r < s < n — 2, and wi,W2 G 
Vt — Vp„ are adjacent to Vr and Vg, respectively, then the path wiVrVr+i . . .Vs-iVs,W2 is 
an M-augmenting path in T, where M is the unique perfect matching in P, in both cases, 
by Theorem 13. 5[ we have a contradiction. 

Suppose T is a centipede. If T has at most one joint («i, i even if n is odd), it is easy to see 
that mr~(T) = mr~(P„), thus we assume that T has at least two joints, Vr, and Vs, and let 
M be a maximum matching in T. 

Suppose n is odd, and r and s are even. Without loss of generality, we can assume s ~ r + 2k, 
for some fc e N. Let wi,W2 G Vr — Vp„ be (clearly M- unsaturated) adjacent to Vr and Vg, 
respectively. The distance between Vr and Vg is even, thus T cannot have an Af -alternating 
path starting at wi and ending at W2. Also, T does not have an M-alternating path starting 
at either wi or zi;2 and ending at the only Af- unsaturated vertex on P„. It is also clear that 
there is no M-alternating path starting at a vertex adjacent to Vr (or Vg), and ending at 
another vertex adjacent to Vr (or Vg). 

Suppose n is even. If both s and r arc odd or both are even, then the distance between 
joints is even, and T cannot have an Af -augmenting path starting at a vertex adjacent to 
Vg and ending at a vertex adjacent to Vr- If Vg and Vr arc joints, with s even, r odd, and 
2<s<r<n — 1, then let wi,W2 G Vr — Vp^ be adjacent to Vg and Vr, respectively. 
Now {ws_i,Ws} G A/, and {wi,Vg},{vg,Vg+i} ^ Af, which implies T cannot have an M- 
augmenting path starting at Wi and ending at W2- 

Since in both cases T has no Af-augmenting path, it follows from Theorem 13.21 that M is 
also a maximum matching in T, and from Theorem 13.51 we have mr^(r) = mr~(P„). D 



5 Unicyclic Graphs 

A vertex in a graph G is a cut-vertex if the number of components of G — w is greater than 
the number of components of G. The skew rank-spread of a graph G at a vertex v is defined 
as r~(G) = mr~(G) — mr~(G — v). Note that r~(G) has a value of either or 2. 

Theorem 5.1. (^) Let v be a cut-vertex of G. For i ~ 1,2, ... ,h, let Wi C V{G) be the 
vertices of the i-th component of G — v, and let Gi be the subgraph of G induced by {v}UWi. 
Then 

T-{G) = max T-{G,), 

i—1.2,....h 



and 

mr^fG) = I ^^=1 ™'^"(^» ~ ^) */ r-(G,;) ^ for alii ^ 1,2, ... , h, 

\ Etimr"(G. -t') + 2 i/ r-(G,) = 2 /or some i = 1, 2, . . . , /i. 

Definition 5.2. Let G„ 6e an n-cycle and let V' — {vi,V2, . ■ . ,Vk} C Vc^,0 < k < n. The 
unicyclic graph U , obtained from Cn by appending pi leaves, 1 < pi, to each vertex Vi S V' 
is called a partial ri-dandclion. If Pi = 1, and k < n, U is a partial n-sun, and if Pi = 1, 
and k ~ n, then U is an n-sun. 

Example 5.3. IfU is a partial n- dandelion with \V'\ = k, thenrai^{U) = 2fc+2 match{U — 
V). 

Note that if U is an ri-sun, mr~([/) ~ 2n also follows from Theorem 13.41 since in this case 
U has a unique perfect matching. 

Definition 5.4. A pendant star, S^, in a unicyclic graph U , is an induced subgraph of U 
such that 

1. ^ft has exactly one vertex v ^ Vu with deg(w) > 2, 

2. U — V has fc + 1 components, exactly k of them are pendant vertices and the other is 
a (connected) unicyclic induced subgraph of U , and 

3. 5j is induced by v and the k pendant vertices. 

Algorithm 5.5. Computation of mr^ (U) , where U is a connected unicyclic graph. 

Initialize: t/j = [/, s = 

1. WHILE [/j is connected unicyclic and has a pendant star S^ 

(a) s = s + 2 

(b) [/« = [/«- St 

END WHILE 

2. If t/(j is a cycle, compute mr~([/j) as in Proposition [3T71 If [/j is a partial ri-dandelion, 
compute mr~([/jj) as in Example 15.31 

3. mr~(J7) = mr~([/tt) + s 

Proof. If C/(j has a pendant star S'j, then v the center of S^^, is a cut- vertex of f/j, and 
mr~([/j) = mr^(L/(j — v) + 2. So we can let [/() = [/() — 5(j, and continue the process, 
inductively. Eventually, we are left with U^ as the unique cycle of the graph, or t/j as a 
partial n-dandelion, as in Definition 15.21 D 

We refer to the graph [/j produced by Algorithm [53] as the -k-reduced form of U, and denote 
it by Ui,. The following theorem follows from Algorithm 15.51 

Corollary 5.6. // U is connected unicyclic graph, then 

2 match([/) — 2 if Ui, — Ck with k even, fc > 4, 



^2 match([/) otherwise. 



The following follows from Theorem 

Corollary 5.7. If U is a unicyclic graph with unique cycle Ck, then mr~([/) = MR^(f7) 
if and only if k is odd, or Ui, ^ Ck if k even, fc > 4. 

Observation 5.8. If U is a connected unicyclic graph, with unique cycle C = C^ and 
diametrical path P, then \Vc H Vp| < [^J + 1. 

In Lemma [5^ we give necessary conditions on U for mr~(f7) = mr~(P), where P is a dia- 
metrical path of U . For \P\ odd we give necessary and sufficient conditions in Theorem lS.lOl 
the case |P| even appears as Theorem l5.13l 

Lemma 5.9. Let U be a connected unicyclic graph with unique cycle C , and diametrical 
path P . //mr^(C/) = mr^(P), then 

1. if V eVc — Vp, then degij{v) = 2; 

2. every vertex w G Vc — Vp has the property that U — w is a centipede; 

3. the unique cycle is C — Ck, with k G {3,4,6}, 

(a) ifk^S, then \Vc, n Vp| = 2 and \Vc, - Vp\ = 1; 

(b) ifk = A, then either \Vc^ nVp\ = 2 and \Vc^ -Vp\ = 2, or |Vfc, nVp\=3 and 
\Vc,-Vp\ = l; 

(c) ifk^6, then \Vc, n Vp| = 4 and \Vce - Vp\ = 2. 

Proof. 1. li V E Vc — Vp and deg[;(i;) > 2, then U has an induced subgraph U' with 
mr^(t/') > mr^(P). 



2. li H = {w} C Vc — Vp, and P' is a diametrical path oi U — H, then by Lemma [3~ 
mr"(C/ - H)= im-{U) = mr"(P) = mr"(P'). By [l] above, U - H is a tree, thus by 
Lemma [4.11 U — H is a. centipede. 

3. It is easy to see that \Vc r\Vp\ > 2 and \Vc^. — Vp\ < 2. If Ck is the unique cycle of U, 
then by Observation 15. 8( we have 2 < \Vck OVp] < [|J + 1, which implies 3 < A: < 6, 
and |Vc n Vpl < 4. Note that fc = 5 is not a possibility. The three properties [3al I3bl 
and [5cl now follow. 

D 

Theorem 5.10. Let U be a connected unicyclic graph with unique cycle C and diametrical 
path Pn, where n > 5 is odd. Then mr^(C/) = mr~(P„) if and only if C = C4, with 
\Vci n Vp^\ ~ 3 and {Vc^ — Vp,J = 1, the unique vertex w G Vci — Vp,^ has the property 
that U — w is a regular centipede with diametrical path P„ , and all joints are even-indexed 
vertices. 

Proof. Let Pm n > 5 odd, be a diametrical path of a regular centipede T, such that all 
joints are even-indexed vertices. Choose consecutive vertices Vj,Vj+i,Vj+2 € Vp^, j even, 
2 < j < n — 3. Add a vertex w to T, adjacent to Vj and Wj+2- The resulting graph is 
a connected unicyclic graph U with the properties described above, and by Corollary 15.61 
mr-(P„)=mr-(C/). 

Conversely, suppose that [/ is a connected unicyclic graph with unique cycle C, diametrical 
path P„, where n > 5 is odd, and mr~(C/) = mr~(P„). Let the unique cycle in U he Ck, 



and U' be the subgraph of U induced by Vc^ U Vp„ . By Corollarv l5.6[ if fc = 3, k ~ A with 
1^(74 n Vp^\ ~ 2 and \Vci — Vp,J = 2, or fc = 6, mr~(t/) > mr^(P„). Hence, the unique 
cycle is C4, with jVci n Vp„ | = 3 and {Vc^ ~ Vp„ | = 1- By Lemma [5^ U — w is & centipede, 
where w is the unique vertex in Vc — Vp^ , and thus P„ is a diametrical path oi U — w. 
By Theorem 14.21 U — w is a regular centipede and all joints are even- indexed vertices. D 

The next lemma provides useful examples, the proofs follow from Corollarv l5.6l 

Lemma 5.11. If Pn is a path with n even, and Ui,i ~ 1,2,3,4, as described below, then 
TaY-{Ui) >mr-(P„). 

1. Let Ui be the connected unicyclic graph with vertex set Vp^ U {w,z} and edge set 
Ep^ U {{wj, It;}, {w, Uj+i}, {wi, z}}, where j is odd, 3 < j < n — 1, and i is odd, 
3<i<j. 

2. Let U2 be the connected unicyclic graph with vertex set Vp^ U {w, z} and edge set 
^Pn U {{vj,w},{w,Vj+i},{vi,z}}, where j is odd, I < j < n — 3, and i is even, 
j + 1 < t < n - 2. 

3. Let U3 be the connected unicyclic graph with vertex set Vp^ U {w, z} and edge set 
Ep^ U {{vj,w},{w,Vj+i\,{vi,z}}, where j is even, 4 < j < n — 2, and i is odd, 
3 <i < j- 1. 

4-. Let U^ be the connected unicyclic graph with vertex set Vp^ U {w, z} and edge set 
Ep_^ U {{vj,w},{w,Vj+i\,{vi,z}}, where j is even, 2 < j < n ~ 4, and i is even, 
j + 2<i <n-2. 

For a connected unicyclic graph U, with unique cycle Ck, and diametrical path P„, n even, 
n < 4, it is not difficult to see that mr~(C/) = mr^(P„) if and only if n = 2 and t/ = C3, or 
n — 4 and U is one of the three graphs shown in Figure ^ ot U ~ Ce- 



v>v^' \/ <■ 




Figure 1: Small graphs for which mr (G) = mr (P4). 



In Lemma [5.12i we give necessary conditions on a connected unicyclic graph U, for mr~ (U) = 
mr~(P„), where P„ is a diametrical path, with n > 6 and n is even. Note that if T is a 
centipede with diametrical path P„ = 'U1W2 ■ • ■ Wn-i^m where n is even, then reversing the 
numbering of the vertices changes odd-numbered vertices to even-numbered vertices and 
vice-versa; this action leads to an isomorphic centipede T' with analogous properties. For 
the sake of completeness and to avoid confusion, we have included results assuming the 
original order of the vertices in Vp^ , although the symmetry of the graphs thus obtained 
introduces a slight redundancy. 

Lemma 5.12. Let U be a connected unicyclic graph with unique cycle Ck and diametrical 
path Pn, with n even, n>6, such that mr^(C/) = nu'^(P„). 



1. If k — 3, then Vca H Vp^ = {vj,Vj+i\, and 



(a) l<j<n~l; 

(b) if j ~ 1, then dcgij{vi) — 2, and dcg[/(v2) = 3; 

(c) if j ^n-l, then degu{vn) = 2, and degjj{vn-i) = 3; 

(d) if j is odd, 3 < j < n — 3, then dcgij{vj) = dcg[;(wj+i) = 3; 

(e) for i odd, 1 < i < j , dcgu{vi) — 2, and for i even, j + 1 < i < n, dcgu{vi) — 2. 

2. If k — A, and Vd n Vp„ = {vj, Wj+i, Vj+2}, then 

(a) l<3<n~ 2; 

(b) degy(wj+i) = 2; 

(c) ifj = l, then dcgjjivi) = 2; 

(''^j if j ^ IT- ^ 2, t/ien dcg[;(u„) = 2; 

^ej if j = ^ o-'iT'd degj;(w3) > 3, f/ien for i even, 3 < i < n, degij{vi) = 2; 

(7^ if j ~ n o.iT-d dcgij{vn-2) > 3, t/ien /or i odd, 1 < i < n — 2, dcgy(wi) = 2; 

('(/j i/ J is odd, 3 < J < n — 3, and deg[;(wj) > 3 or dcg[/(vj+2) > 3, then for i even, 
j + 2 < i < n, deg^{vi) ~ 2; 

(h) if j is even, 2 < j < n ~ 4, and degij{vj) > 3 or degj/(wj+2) > 3, then for i odd, 
l<i<j, degtf(wj) = 2; 

(i) if for some r odd, r =^ j • r ^ j + 2, and 3 < r < n — 3, deg[/(wr) > 2, then for i 
even, r < i < n,i ^ j,i ^ j + 2, dcgu{vi) — 2; 

(j) if for some r even, r ^ j , r ^ j + 2, and 4 < r < n — 2, degu{vr) > 2, then for i 
odd, Ki <r,i^ j,iT^ j + 2, degu{vi) = 2. 

3. Ifk = 4, and Vd n Vp„ = {vj,Vj+i], then 

(a) j is odd, with S < j < n ~ 3; 

(b) dcgjjivj) = dcgjj{vj+i) = 3; 

(a) for i odd, 1 < i < j, degu{vi) = 2, and for i even, j + 1 < i < n, degjj(wi) = 2. 

4- If k = 6, then Vcg fl Vp^ = {vj,Vj+i,Vj+2,Vj+3}, and 
(a) j is odd, with I < j < n — 3; 
(h) degu{v.j+i) = deg[;(wj+2) = 2; 

(c) if j = 1, i^en dcg[/(vi) = 2, and dcg[/(v4) = 3; 

(d) if j ^n-3, then degu{v„) = 2, and degjj{v„-3) = 3; 

(e) if j is odd, 3 < j < n — 5, then degu{vj) = degu{vj+3) = 3; 

(f) for i odd, 1 < i < j , dcgu{vi) ~ 2, and for i even, j + 1 < i < n, dcgu{vi) ~ 2. 

Proof. 1. Since P„ is a diametrical path, if j ~ 1, then degy(ui) ~ 2. If deg[;(u2) > 3, 
then taking i — 2, U has Ujjas an induced subgraph (The graphs Ui,i = 1, 2, 3, 4 refer 
to the graphs in Lemma 15. lip . The case j = n — 1 follows by letting i = n — 1 , and 
using the graph CM If j is odd, with 3 < j < n — 3, and either degu{vj) > 3, or 
deg[/(uj+i) > 3, then letting i ~ j, or i = j + 1, respectively, U has as an induced 
subgraph, either the graph CM or the graph L^ respectively. If i is odd, 1 < i < j, 
and deg[/(u,;) > 2, then U has either the graph CM or the graph CM as an induced 
subgraph. The case j + 1 < i < n, with i even follows by using either the graph CM 
or the graph CM 



2. Clearly degu{vi) = 2, if j = 1, and dcgjj^Vn) ~ 2 ii j ^ n — 2. If w is the unique vertex 
in Vc — Vp^ , then the path P' = Wif2 ■ ■ • VjWVj^2 ■ • ■ Vn-iVn, is also a diametrical path 
of U, with Vj+i G Vc4 — Vp', and thus from Lemmas 13.81 and 15. 9[ dcg^{vj+l) = 2, 
mr"(C/) — mr^(C/ — w), U — w is a centipede and has diametrical path P„, and hence 
by Theorem E^ properties [gj O [2gl [2hl [2ll and [2j] above, must hold. 



3. If Vc^nVp^ = {vj,Vj+i}, with j even, 2 < j < n~2, then by Corollarv l5.6i mr~(C/) > 
mr~(P„). Thus j must be odd, and clearly 3 < j < n — 3. Let Vc^ — Vp„ = {wi,W2}, 
with wi adjacent to Vj and 1112 adjacent to Vj+i. By Lemmas 13.81 and 15.91 mr^([/) = 
m.T~{U — wi) = mr~([/ — W2) = mr~(P„), and both U — wi and U — W2 are centipedes. 
Also, since P„ is a diametrical path of either [/ — i(Ji or f/ — W2 , by Theorem 14.21 no 
pair of joints Vr and Vs satisfy r odd, s even, and 3<r<s<n — 2. Since in the 
centipede U — wi, Wj+i is a joint, and j + 1 is even, then dcgjj^Vj) = 3, and for i odd. 
1 < i < j, degif{vi) = 2. Similarly degj/(wj+i) ~ 3, and for i even, j + 1 < i < n, 
deguM = 2. 



4. If Vce n Vp„ = {uj, Uj+i, 'i;j+2, Uj+3}, with 2 < j < n — 3, j even, by Corollary 15.61 
mr~(C/) > mr~(P„). Let wi,W2 G Vc — Vp^ with wi adjacent to Vj, W2 adjacent 
to Wj+3, and wi adjacent to W2- Then U has a diametrical path the path P" = 
i;iW2 ■ • ■VjWiW2Vj+3 ■ ■ -fn-ifn, thus by Lemma[5Jl dcg^{vj+l) = dc^gu{vj+2) = 2. If 
i = 1. then clearly, deg[;(fi) = 2. Also, a diametrical path oiU — W2 is now the 
path P' = 'u;ii'iW2 • ■ -Vn-iVn, and mr~([/) = mr~(P'). By Lemma [5.9) t/ — W2 is a 
centipede, thus by Theorem 14.21 all the joints in P' are odd- indexed vertices of P„, 
therefore d&gu(v\) = 3. The proof of[4d]is similar. Now let j be odd, 3 < j < n — 5. 
By Lemmas 13.81 and 15. 9[ mr~(C/) = mr^(C/ — wi) ~ mr^(P„), U — wi is a centipede 
and has diametrical path P„, thus by Theorem l4.2l no pair of joints w,- and Vg satisfy 
r odd, s even, with 3<r<s<?i — 2. But U — wi has a joint at Wj+3, which is 
an even-indexed vertex, that means Vj cannot be a joint, and neither can any vertex 
Vi with i odd, 1 < i < j. This imphes deg^{vj) ~ 3 and deg^{vi) ~ 2, for i odd, 
1 < i < j. Similarly, looking at U ~ W2, we arrive at degy(uj-|-3) ~ 3 and for i even, 
j + 1 < t < n, dcgjj{vi) = 2. 

D 

Theorem 5.13. Let U be a connected unicyclic graph with unique cycle C'k and diametrical 
path Pn, with n even n > 6. Then mr^(C/) = mr^(P„) if and only if 

1. every vertex w G Vc^ ^ Vp^ has the property that U ~w is a centipede with diametrical 
path Pn, such that no pair of joints Vr and Vs satisfy r odd, s even, and 3 < r < s < 
n~2, orU — wisa centipede with diametrical path P' with vertex set Vp^ U{z}, where 
z is another vertex in Vc^. — Vp^ , and is adjacent to either vi or w„, such that all joints 
of P' are odd-indexed vertices of Pn whenever z is adjacent to vi, or all joints of P' 
are even-indexed vertices in Pn whenever z is adjacent to Vn- 

2. /c = 3,4 or 6. 

3. If k ^ 3, then Vc^ H Vp^ = {vj,Vj+i}, and 

(a) l<j<n- 1; 

(b) if j = 1, then deg[;(wi) = 2, and deg[;(v2) = 3; 

(c) if j ^ n — I, then degu{vn) = 2, and degj/(u„_i) = 3; 

(d) if j is odd, 3 < j < n — 3, then degu{vj) = degj/(wj+i) = 3; 



(e) for i odd, I < i < j , dcg^(wi) = 2, and for i even, j + I < i < n, dcgij{vi) = 2. 

4- If k = 4, and Vd H Vp„ = {vj, Wj+i, Vj+2}, then 

(a) 1 < j < n - 2; 

r^y* degy(wj+i) = 2; 

("cj i/ j = 1, then dcgf;(iJi) = 2; 

(^d_j if j = n — 2, i/ien dcgy(u„) = 2; 

r^J if j ~ ^ '^'^d deg[/(w3) > 3, f/ien /or i even, 3 < i < n, degjj{vi) = 2; 

(f) if j — "■ o,''^d dcg[j(u„_2) > 3, then for i odd, 1 < i < n — 2, degjj{vi) = 2; 

(9) if j is odd, 3 < j < n — 3, and degy(wj) > 3 or deg[/(wj+2) > 3, then for i even, 
j + 2 <i < n, deg^{vi) = 2; 

(h) if j is even, 2 < j < n — 4, and degij{vj) > 3 or deg[;(wj+2) > 3, then for i odd, 
1 < i <j, deg[;(i;j) = 2; 

(i) if for some r odd, r ^ j , r ^ j + 2, and 3 < r < n — 3, dcgif{vr) > 2, then for i 
even, r < i < n,i ^ j,i ^ j + 2, dcgu{vi) — 2; 

(j) if for some r even, r ^ j , r ^ j + 2, and 4 < r < n — 2, dcg[/(iv) > 2, then for i 
odd, 1 < i < r,i j^ j,i ^ j + 2, dcgi,{vi) — 2. 

5. If k = 4, and Vc^ n Vp„ = {vj, Wj+i}, then 

(a) j is odd, with 3 < j' < n — 3; 

(b) dcgjjivj) = dcgjj{vj+i) = 3; 

(a) for i odd, 1 < i < j, degu{vi) = 2, and for i even, j + 1 < i < n, degu{vi) = 2. 

6. If k ^ 6, then Vcg n Vp,^ = {wj, Wj+i, Wj+2, Wj+3}, and 

(a) j is odd, with I < j < n ^ 3; 

(h) deg[;(wj+i) = dQgu{vj+2) = 2; 

(c) if j ~ 1, then dcgij{vi) — 2, and dcg[/(v4) = 3; 

(d) if j ~ n ~ 3, then dcgu{vn) ~ 2, and dcgu{vn--i) = 3; 

(e) if j is odd, 3 < j < n — 5, then degu{vj) = degj/(wj+3) = 3; 

(f) for i odd, 1 < i < j, degu{vi) = 2, and for i even, j + 1 < i < n, deg[/(wi) = 2. 

Proof. Let U he a connected unicyclic graph with unique cycle C and diametrical path P„, 
n even n > 6. Let w G Vc — Vp^ , and assume that U — w is a centipede. 

Suppose P„ is a diametrical path oi U ~ w with the property that no pair of joints Vr and 
Vs satisfy r odd, s even, and 3<r<s<n — 2. From Theorem 14.21 and Theorem 13.51 it 
follows that mr^(C/ — w) = mr^(P„) = 2match(P„). 

If fc = 3, and U satisfies the properties in[3l or fc = 4, Vc^ H Vp^ = {vj, Vj+i, Wj+2}, and U 
satisfies the properties inlH then from Corollarv 15.61 it follows that mr^([/) = mr^(P„). 

If fc = 4, Vci n Vp^ = {vj,Vj+i} and U satisfies the properties in[5l or fc = 6, Vcg n Vp^ = 
{vj, Vj^i, Vj+2-, Vj+3} and U satisfies the properties in [51 and either j 7^ 1, and j 7^ n — 3, or 
J = 1 and w is adjacent to ui, or j' = n — 3, and w is adjacent to u„, then from Corollary 
it follows that mr-([/) == 2match(L/) - 2 = mr-(P'„). 
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Now suppose U — w has diametrical path P' with vertex set Vp^ U {z}, where z is another 
vertex in Vc — Vp^ adjacent to vi, and all joints of P' are odd-indexed vertices of P„. 

If fc = 6, and j = 1, with w adjacent to W4, and U satisfies all the properties in [51 then from 
Corollary EH vay- {U) = 2match(J7) - 2 = mr-(P„). 

Similarly, suppose U — w has diametrical path P' with vertex set Vp^^ U {2}, where z is 
another vertex in Vc — Vp^ adjacent to w„, and all joints of P' are even-indexed vertices in 
Vp^. If fc = 6, and j = n — 3, with w adjacent to u„_3, and U satisfies all the properties 
in|6l then mr^(C/) = inr^(P„). 

Conversely, let [/ be a connected unicyclic graph with unique cycle C and diametrical path 
P„, and n even, n > 6, and let vai^iU) = mr~(Pji). By Lemma l5.9[ the unique cycle is Ck, 
with fc S {3,4,6} (so condition [5] is met), and every vertex w G Vc — Vp„ has the property 
that [/ — w is a centipede. By Lemmas 15.91 and 15.121 conditions |31 HI El and El above are 
met. 

If fc = 3, or fc = 4, and w G Vc — Vp^, then U — w is & centipede with diametrical path 
P„. By Lemma [3751 mr~(t/ — w) = mr~(C/) = mr^(P„), hence by Theorem 14.21 P„ has the 
property that no pair of joints Vr and v^ satisfy r odd, s even, with 3<r<s<n — 2, thus 
condition [1] above is met. 

If fc = 6, and w € Vc — Vp^, w is not adjacent to 114 or w„_3, then U — w is a centipede 
with diametrical path P„. By Lemma 13.81 mr~(t/ — w) = mr~([/) = mr~(P„), hence 
by Theorem 14.21 P„ has the property that no pair of joints Vr and Vg satisfy r odd, s even, 
with 3<r<s<n — 2, thus condition [I] above is met. If w is adjacent to either U4 or 
Vn — 3, then U — w is a centipede with diametrical path P' with vertex set Vp^ U {z}, where 
z is the other vertex in Vc — Vp„. By Lemma [3.81 mr^(C/ — w) = mr^([/) ~ mr^(P„), 
by Theorem l4.21 P' has the property that all joints are odd- indexed vertices of P„, whenever 
z is adjacent to vi, or all joints of P' are even-indexed vertices in P„, whenever z is adjacent 
to Vm thus condition [U above is met. D 



6 Additional Examples 

Example 6.1. The connected graphs Sk and Bk, in Figure\^ satisfy mr^(S'fe) = diam(S'fe) = 
4, and mr^(Pfc) = diam(i?fe) = 4. 

The spider Sk, clearly satisfies the conditions of Theorem 15.101 and mr~(Pfc) = diam(Pfc) 
follows from cut-vertex reduction. 





Figure 2: A spider Sk and a butterfly Bk, graphs for which mr (G) — diam(G). 
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Finally we show some general types of connected not unicyclic graphs G, with the property 
that mr^(G) = diani(G'). 

Proposition 6.2. The graph shown in Figure\3l satisfies nir^(G) = diain(G). 




Figure 3: A connected graph for which mr (G) — diam(G). 



Proof. The proof is by induction on the number n, of spiders in G. Let Gg denote a graph, 
as pictured in Figure [3l consisting of exactly s of these spiders; also, note that the path 
Pas+i is an induced subgraph of Gg, and that diam(Gs) = 4s. The base case, n = 1, follows 
from Example 16. II Assume the graph, Gk satisfies mr^(Gfe) = diam(Gfc), and let Gk+i be 
the graph, as in Figure [3l with one more spider than Gk- The graph Gk+i is the vertex sum 
of Gk and Gi at the vertex v, of degree 2, between the spiders. Since P4 is an induced path 
in Gi ~v, it follows that mr^(Gi) = mr~(Gi —v), and thus r~(Gi) = 0. From Theorem l5.ll 
we have mr~(Gfc+i) = mr^(Gfc — v) + r~(Gfe) + mr^(Gi — v) = mr^(Gfe) + mr^(Gi) = 
dia.in{Gk) + 4 = 4fc + 4 ~ i{k + 1), as we wanted to show. D 

Proposition 6.3. Induction arguments similar to the one in Proposition\^ show that the 
graphs shown in Figure CI and Figure satisfy mr^ (G) = diam(G) . 




Figure 4: A connected graph for which mr (G) = diam(G). 




Figure 5: A connected graph for which mr (G) — diam(G). 
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